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Derivatives for 
Tracking
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Solving an inverse problem

¥ get y from x

¥ image !  
Ð camera pose
Ð motion
Ð interaction devices
Ð 3D structure

y = f (x)
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Images - Inverse of rendering function

Model
Transformations

View 
Transformations
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Example: Track rectangle in the plane

¥ Rectangle described by
Ð T      translation 
Ð R     rotation
Ð s, t   point of the rectangle

¥ Every point as a function of x and a
Ð (s,t) describe the model

T

R

(s,t)

y = f(R, T ; s, t) = R

!
s
t

"
+ T
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Example: Track rectangle

¥ Measure corners
Ð (s1,t1), ... , (s4,t4)
Ð c1, ..., c4 measured corners

¥ R,T unknowns, (si,ti) model parameters




c1
...
c4



 =




f (R, T ; s1, t1)

...
f (R, T ; s4, t4)



 =





R

�
s1
t1

�
+ T

...

R

�
s4
t4

�
+ T




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Linear problem (1)

¥ A invertible
Ð dim(y) = dim(x)
Ð solvable

y = f (x) = Ax

x = A! 1y
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Linear problem (2)

¥ dim(y) > dim(x)
Ð usually no exact solution
Ð noise on y

¥ Pseudo inverse of A

x = argmin x |y ! Ax|2
y = f (x) = Ax

x = ( AT A)−1AT y
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Linear problem (3)

¥ Remember this form !
¥ y - b ~ residual

y = f (x) = Ax + b

x = A−1(y ! b)

x = ( ATA)! 1AT (y ! b)
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Nonlinear function - Newtons method

¥ Approximate nonlinear function with a line - tangent
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Make it linear

¥ Approximate function through ÒbestÓ linear function

¥ derivative function               provides slopef !(x)

y = f (x0) + f �(x0)(x ! x0)

y ∼ f (x0) + k(x − x0)
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Linearization
-5

-2
.5 0

2
.5 5

-2.5

0

2.5

f (x)

f (x0)

x0

slope= f �(x0)

f (x0) + f !(x0)(x ! x0)

x
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Nonlinear function

¥ Linearization with Taylor series

¥ Solve again for \delta

y = f (x)

y = f (x0 + ! ) = f (x0) + f �(x0)!

! = f !(x0)" 1(y ! f (x0))

x = x0 + δ
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Multidimensional functions

¥ N !  1

¥ Linear approximation uses both x and y

¥ Partial derivative functions provide the rate of change

z = f (x, y)

z ∼ f (x0, y0) + a(x − x0) + b(y − y0)

z ! f (x0, y0) +
! f
! x

(x0)(x " x0) +
! f
! y

(y0)(y " y0)
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Write it as a matrix

¥ Jacobian  =  matrix of partial derivatives

¥ Defines a plane approximating the function

J =
!

! f
! x (x0) ! f

! y (y0)
"

z ! f (x0, y0) + J
!

x " x0

y " y0

"
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Approximating plane
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Multidimensional 

¥ N !  M  =  Stack of N !  1

¥ Stack Jacobians into one big J




y1
...
ym



 =




f1(x1, . . . , xn)

...
fm(x1, . . . , xn)





J =

!

"
#

J1(x1, . . . , xn)
...

Jm(x1, . . . , xn)

$

%
& =

!

"
#

! f1
! x1

. . . ! f1
! xn

...
! fm
! x1

. . . ! fm
! xn

$

%
&
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Nonlinear function

¥ dim(y) > dim(x)
Ð solve with pseudo inverse

y = f (x0) + J(x ! x0)

δ = x − x0 = ( J T J )−1J T (y − f (x0))
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Example: Track rectangle

¥ Measure corners
Ð (s1,t1), ... , (s4,t4)
Ð c1, ..., c4 measured corners

¥ How to solve this ?




c1
...
c4



 =




f (R, T ; s1, t1)

...
f (R, T ; s4, t4)



 =





R

�
s1
t1

�
+ T

...

R

�
s4
t4

�
+ T




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Track Rectangle: Parameterization

¥ Linear - Nonlinear ?

¥ Number of parameters ?

¥ Exact function for differentiation ?




c1
...
c4



 =




f (R, T ; s1, t1)

...
f (R, T ; s4, t4)



 =





R

�
s1
t1

�
+ T

...

R

�
s4
t4

�
+ T





- T linear, R ??

- T 2D, R ??

- T = (x,y), dT = (1 0; 0 1)
- R ??
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Track Rectangle: Parameterizing Rotation

¥ R linear !
Ð Linear model
Ð 4 parameters

¥ No rotation !

R =
�

r 11 r 12

r 21 r 22

�

c =
!

r 11 r 12

r 21 r 22

" !
s
t

"
+

!
t1

t2

"

c = f (R, T ) =
!
s t 0 0 1 0
0 0 s t 0 1

"

#

$
$
$
$
$
$
%

r11

r12

r21

r22

t1
t2

&

'
'
'
'
'
'
(
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Jacobian J

Rotation with global parameterization

¥ R as function of angle a
Ð 1 parameter
Ð but nonlinear

¥ Differentiate to solve

R =
!

cos(a) ! sin(a)
sin(a) cos(a)

"

c ! f (R(a), T ) +
�

" sin(a)s " cos(a)t 1 0
cos(a)s + sin( a)t 0 1

�


! a
! t1
! t2





c =
!

cos(a) ! sin(a)
sin(a) cos(a)

" !
s
t

"
+

!
t1
t2

"
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2D vector

Rotation with local parameterization

¥ Local change to R as small rotation
Ð !(a) small rotation
Ð a = 0 for no change
Ð update R with !(a)

¥ Differential with 
respect to a

¥ Again solve with jacobian

R(a) = ! (a)R

! R(a)
! a

=
! ! (a)

! a
R =

!
0 ! 1
1 0

"
R

c ! f(R, T ) +

!!
0 " 1
1 0

"
R

!
s
t

"
1 0
0 1

"
#

$
a

! t1
! t2

%

&
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Track rectangle with edges

¥ Measure distances to edge

¥ 1D measurement
Ð x  ... sample point
Ð n  ... edge normal
Ð m ... predicted/measured point
Ð d  ... distance

¥ Approximation
Ð n also depends on R, but we ignore that !

di

n

x

m
d

d = n á(m ! x) = n á(R
!

s
t

"
+ T ! x)
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scalar

Track rectangle with edges

¥ Differentiate for jacobian again
Ð using local parameterization

¥ Jacobian

d = n · (m ! x) = n · (∆(a)R
!
s
t

"
+ T ! x)

= n∆(a)R
!
s
t

"
+ n · T ! n · x

d ∼ n · (m − x) +
!

n
!

0 −1
1 0

"
R

!
s
t

"
n

"
#

$
! a
! t1

! t2

%

&
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Track camera pose from marker

¥ Camera projects marker 
corners into image
Ð C      ...  camera pose
Ð proj  ...   projection function
Ð P      ...   corner point in world coordinates (3D)
Ð p      ...   coordinates in image (2D)

C =
�
R T
0 1

�
P =





x
y
z
1



 proj(





x
y
z
1



) =
�

x
z
y
z

�

p = proj( CP )
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How to parameterize this ?

¥ T linear, ok 
¥ R linear ?

Ð 9 dim and no rotation 

¥ R global parameterization ?
Ð e.g. Euler angles ?
Ð gimbal lock

¥ R local parameterization

R(a, b, c) = euler( a, b, c)R

euler(a, b, c) =

!

"
cos(a) sin(a) 0

! sin(a) cos(a) 0
0 0 1

#

$

!

"
cos(b) 0 ! sin(b)

0 1 0
sin(b) 0 cos(b)

#

$

!

"
1 0 0
0 cos(c) sin(c)
0 ! sin(c) cos(c)

#

$
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Local parameterization for R

¥ Differentials around (0,0,0)
are 

! euler
!"

=

!

"
0 1 0

! 1 0 0
0 0 0

#

$

! euler
!#

=

!

"
0 0 ! 1
0 0 0
1 0 0

#

$

! euler
!$

=

!

"
0 0 0
0 0 1
0 ! 1 0

#

$

euler(a, b, c) =

!

"
cos(a) sin(a) 0

! sin(a) cos(a) 0
0 0 1

#

$

!

"
cos(b) 0 ! sin(b)

0 1 0
sin(b) 0 cos(b)

#

$

!

"
1 0 0
0 cos(c) sin(c)
0 ! sin(c) cos(c)

#

$
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Full differential

¥ function

¥ differential for rotation angle a

Ð substituting in:

p = proj( RP + T)

! p
! a

=
! proj(á)

! X
! (eulerRP + T)

! a
=

! proj(á)
! X

! euler

! a
RP

! proj(
!
x y z 1

"T
)

! (x, y, z)
=

#
1
z 0 ! x

z2

0 1
z

! y
z2

$
! euler

!"
=

!

"
0 1 0

! 1 0 0
0 0 0

#

$

=

!
1
z 0 ! x

z2

0 1
z

! y
z2

"
#

$
0 1 0

! 1 0 0
0 0 0

%

& RP
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Lie Groups for transformations

¥ Changes to transformations as small transformations

Ð 2D rotation

Ð 3D rotation

¥ Differential then simply change around (0) as a given 
matrix

¥ Lie groups generalize this to many different 
transformations
Ð Easy way to differentiate
Ð Lift linear algorithms to transformations (interpolation, curves)

R(a) = ! (a)R

R(a, b, c) = euler( a, b, c)R
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Lie groups

¥ Group of transformations
Ð multiplication
Ð inverse

¥ Examples

R = R1 · R2

R−1 · R = I

SO(2) 2D rotation 2D

SE(2) 2D rotation + translation 3D

SL(3) 2D homographies
3x3 matrices with det() = 1

8D

SO(3) 3D rotation 3D

SE(3) 3D rotation + translation 6D

SL(4) 3D homographies
4x4 matrices with det() = 1

15D

SO(n),SE(n), 
many others

many applications in physics
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Tangent vector space

¥ Differentiable with respect to 
multiplication
Ð treat multiplication as function of one variable
Ð differentiate along a curve in the group
Ð look at all the ways that R1 can change !  vector space

¥ 2D rotation

¥ 3D rotation

f (R) = R · R1

R(a, b, c) áI ∼ I




0 1 0
−1 0 0
0 0 0



a +




0 0 −1
0 0 0
1 0 0



b+




0 0 0
0 0 1
0 −1 0



 c

= I +




0 a −b
−a 0 c
b −c 0





R(a) áI ! I +
!

0 " 1
1 0

"
a
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Tangent vector space

¥ Set of matrices approximating the transformations
Ð written as a sum of generator matrices

¥ In general

!

"
0 a −b
−a 0 c
b −c 0

#

$ = G1a + G2b + G3c

V =
!

i

ai Gi
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Generators and the group

¥ A transform can be obtained by exponentiating the 
combination of generators

¥ Exponential via Taylor series

¥ This exponential map can be computed more efficient for 
some cases (SO(2,3), SE(2,3))
Ð example for 2D rotation (SO(2))

R = eV = e
!

i ai Gi

eV = I + V +
1
2

V 2 +
1
6

V 3 + . . .

R = e
a

!

" 0 ! 1
1 0

#

$

=

!
cos(a) ! sin(a)
sin(a) cos(a)

"
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Exponential map

¥ 2D Rotation
Ð not really a rotation but close

R(a) ! I +
!

0 " 1
1 0

"
a

(0,a)

(1,0)

(1,a)
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Exponential map - 2D rotation

¥ Better approximation
R(a) ! (I +

!
0 " 1
1 0

"
a
2

)( I +
!

0 " 1
1 0

"
a
2

)

(0,a/2)

(1,0)

(1,a/2)

(a2/4,a/2)
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Exponential map - 2D rotation

¥ After n steps

(1,0)

R(a) ∼ (I +
�

0 −1
1 0

�
a
n

) . . . (I +
�

0 −1
1 0

�
a
n

)
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Exponential map

¥ Limit process

¥ For sum of generators

¥ Alternative definition for exponential function

R(a) = lim
n!"

(I +
�

i

Gi
ai
n

)n

R(a) = lim(I +G
a

n
)n

ex = lim
n !"

(1 +
x
n

)n
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Examples for generators

¥ SO(2)

¥ SE(2)

¥ SE(3) 
(includes SO(3))

G =
!

0 ! 1
1 0

"

G1 =




0 0 1
0 0 0
0 0 0



 G2 =




0 0 0
0 0 1
0 0 0



 G3 =




0 −1 0
1 0 0
0 0 0





G1 =

!

"
"
#

0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

$

%
%
& G2 =

!

"
"
#

0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0

$

%
%
& G3 =

!

"
"
#

0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0

$

%
%
&

G4 =

!

"
"
#

0 ! 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

$

%
%
& G5 =

!

"
"
#

0 0 1 0
0 0 0 0

! 1 0 0 0
0 0 0 0

$

%
%
& G6 =

!

"
"
#

0 0 0 0
0 0 ! 1 0
0 1 0 0
0 0 0 0

$

%
%
&

!
R T
0 1

"
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Easy to differentiate

¥ Any transformation as exponential of combination of 
generators

¥ Linearize around a = 0:

R = eV = e
!

i ai Gi

! R
! ai

���
a=1

= Gi
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Camera pose revisited

¥ Camera projects marker 
corners into image
Ð C      ...  camera pose in SE(3)
Ð proj  ...   projection function
Ð P      ...   corner point in world coordinates (3D)
Ð p      ...   coordinates in image (2D)

C =
�
R T
0 1

�
P =





x
y
z
1



 proj(





x
y
z
1



) =
�

x
z
y
z

�

p = proj( CP )
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Camera pose with 6 motion parameters

¥ Local parameterization with
combination of generators 
Ð a = (ai) - 6 vector

¥ Differentials

¥ Full differential

! C(a)
! ai

= GiC

! p
! ai

=
! proj(á)

! X
! C(a)P

! ai
=

! proj(á)
! X

Gi CP

C(a) = e
�

i aiGiC
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All together

¥ Jacobian

¥ Taylor approximation

¥ solve as before and update

J =
! proj(á)

! X

!
G1CP G2CP G3CP G4CP G5CP G6CP

"

p = proj(e
�

i ai G i CP) ∼ proj(CP) + J

!

"
"
"
"
"
"
#

a1

a2

a3

a4

a5

a6

$

%
%
%
%
%
%
&

C ! e
�

i aiGiC
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¥ Gi generate vector fields for different motions

Motion fields

X axis rotation: V Þeld =

! 

0
z

" y
0

# 

$ 

% 
% 
% 

& 

' 

( 
( 
( 

=

0 0 0 0
0 0 1 0
0 " 1 0 0
0 0 0 0

) 

* 

+ 
+ 
+ 

, 

- 

. 

. 

. 

x
y
z
1

# 

$ 

% 
% 
% 

& 

' 

( 
( 
( 

V1 = G1 x

Y translation: V Þeld =

€ 

0
1
0
0

⎛ 

⎝ 

⎜ 
⎜ ⎜ 

⎞ 

⎠ 

⎟ 
⎟ ⎟ 

=

0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0

⎡ 

⎣ 

⎢ 
⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 
⎥ 

x
y
z
1

⎛ 

⎝ 

⎜ 
⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ 

V5 = G5 x
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Different motion parameterizations

¥ C transforms from World to Camera

¥               motion applied in camera frame

¥               motion in world frame
              moves world in the ÒotherÓ direction

¥                                                     traditional CG model

C

eV C

CeV

!
R T
0 1

"
=

!
I T
0 1

" !
R 0
0 1

"

!
R T
0 1

"
= eVt

!
I T
0 1

"
eVr

!
R 0
0 1

"
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Articulated objects + Camera

¥ Points depend on 
Ð Camera motion  ...  C
Ð Object motion    ...   M

¥ Points with motion   ...  Pm

¥ Points without motion ... Pf

¥ Parameterize both motions independently

p = proj( CMPm )

p = proj( CPf )

p = proj( eVcCeVmMPm )
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Bundle adjustment

¥ Motion and points are unknown
Ð see point Pj in camera Ci

¥ Differentials with respect to C and P !

¥ similar for Py, Pz

pij = proj( Ci Pj )

Ci (a) = eV (a) C

! pij
! ak

=
! proj( á)

! X
GkCiPj

! pij

! Px
j

=
! proj( á)

! X
Ci

!

"
"
#

1
0
0
0

$

%
%
&
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